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Energy levels of rare-earth ions in crystal lattice sites

of cubic symmetry
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Abstract. Numerical calculations are presented for the energy levels of the rare-earth ion Er3*
in a crystalline field of cubic symmetry. A distinction is made between the five different point
groups within the system of cubic symmetry. Traditionally only the point groups O, O; and
T, are considered. As an extension, in the present analysis the effect of an additional crystal-
field term appearing for the cubic point groups 7 and 7, is explored.
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1. Introduction

Rare-earth elements are dopants donating interesting and
often useful properties to host crystals. In many cases,
such as in optical absorption or light emission, there ex-
ists a direct relation to the energies in ground and excited
states of the electron system. As an example, typical of
rare-earth impurities in general, energy levels of the ion
of erbium in threefold ionized state will be considered.
Ion Er3* has electronic configuration 4/1! and, following
Hund’s rule of level occupation, possesses an orbital
momentum L = 6 and spin S = 3/2. Spin—orbit interac-
tion is strong for these high-Z ions and forms the largest
correction on the energies as resulting from Coulomb elec-
trostatic fields. By the spin—orbit energy AL-S the degen-
eracy of the 52 states will be partially lifted. For erbium,
four levels characterized by total angular momentum J
ranging fromJ=L-S=9/2toJ =L+ S=15/2 will be
formed. With the negative spin—orbit coupling constant
Athe state labeled #7; 5/, forms the ground state. It is sepa-
rated from the next higher state 3/, by about 800 meV.
Calculations to be reported in this paper are restricted to
the ground state, which is considered as isolated and is
treated in the spin J formalism.

2. Crystal-field potentials and operators

When the rare-earth ion is incorporated as an impurity
in a crystal, the ground state *I;5,, with still 16 fold de-
generacy, is further split by the crystal field. The precise
effect depends on symmetry and strength of the crystal
field. For the lower symmetries, such as trigonal or
orthorhombic, the maximum splitting into eight Kramers
doublets will occur. In a cubic field, as will be considered
further, the splitting is into three quartets and two dou-
blets. The crystal field is represented by its equivalent
spin operator H. It is constructed from expressions of
potential which are invariant in the crystal field consid-
ered. For cubic symmetries the possible forms of poten-
tial, up to sixth order, are given in Table 1. Expressions
of the odd order 3 and 5 will lead to vanishing matrix
elements within the basis of 4f'states and can be omitted.
One is left with the relevant potentials and operators of
fourth and sixth order as specified in Table 1. In the ma-
jority of literature only the fourth-order operator 04° +
504* and the sixth-order operator Og’ — 210¢* are con-
sidered [1,2]. These are the required terms for the most
frequently occurring point groups O, Oy, and T,. For the
point groups of the lower symmetry in the cubic system
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Table I. Summary of invariant potentials and corresponding crystal-field operators, up to the sixth order, for five point groups of

cubic symmetry.

Point groups Potential Operator
T,T; Ty O,0, +x2+y>+z2 +JJ+1)

T, T, +xyz

T, Ty T O,0, +x%+y4+24-3(x%% + 222 + 22x2) +0.+504*
T, T, + xyz(x? + > + 22)

T, Ty Ty, O, 0 +2(x0+ 0+ 20 — 15(x*)2 + p422 + 242 + x*22 + p*x? + 242) + 180x%y%22 +0s°-2104*
T, T, +(H2 4+ 942+ 240 - (22 + 2+ 4D + 062 - 0

an additional form of sixth-order potential will be al-
lowed and the corresponding operator Og>— O will be
present [3,4]. Numerical calculations were made with this
more general form of crystal-field operator. Matrix ele-
ments were calculated in the basis set of 16 spin states in
“I,s/. Energies were obtained as the eigenvalues of the
16x16 matrices. The level splittings induced by the crys-
tal field, with an order of magnitude of 50 meV, are small
compared to the separations between spin—orbit levels.

3. Crystal-field energies

For the general cubic field the corresponding Hamilto-
nian operator is formulated as

H =+ (cosa)O04 + (sina)[(cosP)Og 1 + (sinf)Ogn]. (1)

Parameter a specifies the relative weights of fourth-
and sixth-order energies, whereas parameter §details the
type of the latter potential. Expressions of the basic op-
erators are given as

04" =+35J,4-30J(J + 1)J.> +25].> -
+ 3% + 1),

6J(J+1) +
(2a)

O4t= +(12)(J* + T, (2b)

0= +231J.0-315J(J + 1)J.* + 735J.* +
+ 105J2(J + 1)21.2 = 525J(J + 1)J.2 + 29472 -

— S+ 1)+ 4072 + 1)2 - 60J(J + 1), (2¢)

O¢>= + (1/4){[+ 334 —18J(J + 1)J.2 - 123J .2 +
+ 2+ 12+ 10J(J + 1)+ 102)(J. 2+ J 2) +
+(J 2+ T D[+ 3374 18J(J + 1)J.2 - 1232 +

+2(J+ )2+ 10J(J + 1) + 102]}, (2d)

O¢*= + (U {[+ 112 - J(J + 1) - 38](J,4 + T 4 +

+(J A+ TN+ 1T2-JJ +1)-38]} (2¢)
and
O = + (1/2)(J:5 + J.9). (2f)
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Operators appearing in the crystal-field Hamiltonian
are the combinations

04=(0,"+ 50,%/F,, (3a)
06,1 = (06" ~210¢")/Fy 1 (3b)
and

062 = (06> — 0%/ Fg 5. (3¢)

Actual calculations were performed with scaling fac-
tors F4 = 60 and Fg | = 13860, as usual, and Fg, = 1260.
Always five levels are obtained: two doublets belonging
to the ' and I'; irreducible representations, respectively,
and three quartets of I'g symmetry type. The traditional
result, obtained by putting parameter = 0°, is given in
Fig. 1. Although presented in a different format this re-
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Fig. 1. Crystal-field energies, in cm™!, of doublets Ts and T'; and
of the quartets (I'y);, i = 1, 2 and 3, representing the eigenvalues
of equation (1). Parameter « in the range -90° < o < +90° con-
trols the mixing of the fourth-order crystal field O4 with type-1

sixth-order crystal field Og ;. Parameter 8 = 0°.
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sult is entirely equivalent to the data as given in the clas-
sical paper of Lea, Leask and Wolf[1]. Several spectra
as observed in optical experiments were interpreted in
this diagram. One expects this diagram to be appropri-
ate for small defects of simple structure not degrading the
crystal point group symmetry. This will be the case, for
instance, for single atom impurities in a substitutional
site or an interstitial 7 site in a diamond crystal struc-
ture. Fig. 2 shows the results as calculated for the sixth-
order field O, of the point groups 7'and T, by specify-
ing = +90°. It deviates in a substantial manner from the
previous result for Og ;. Such a diagram will have to be
considered for defect complexes of lower symmetry only
leaving the T'and T}, symmetry operations intact. To au-
thor’s knowledge, no such analyses have been presented
in the literature yet, there are no sets of experimental
data obtained that show the clear need for the lower-sym-
metry analysis. The transition from pure Og ; to pure Og 5
potential is illustrated in Fig. 3. In the real situation one
expects a mixture of sixth-order potentials of types 1 and
2 to be present for the 7- and Tj,- type of centers. It may be
assumed that the Og ; potential will be the leading term, and
that only a small admixture of the O » type of potential will
occur. This case represented by a small value of parameter
Bisillustrated by Fig. 4 for §=+10°. Changes with respect
to Fig. 1 are observed to be small, except for the regions
of level crossings and anti-crossings.
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Fig. 2. Crystal-field energies, in cm™!, of doublets I'c and T'; and
of the quartets (I'g);, i = 1, 2 and 3, representing the eigenvalues
of equation (1). Parameter « in the range -90° < o < +90° con-
trols the mixing of the fourth-order crystal field O4 with type-2
sixth-order crystal field O . Parameter f = +90°.
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Fig. 3. Crystal-field energies, in cm™!, of the five levels in cubic
symmetry for the transition from type-1 to type-2 sixth-order po-
tential. Parameter o0 = +90°.

W0 T T T T T T
300 [
200:

100 |

Energy
o

-100 |
-200 |

—-300 |

4000 v v iy,
-90 -60 -30 0 30 60 90

Parameter a, degrees

Fig. 4. Crystal-field energies, in cm™!, of doublets I'; and I'; and
of the quartets (I'g);, i = 1, 2 and 3, representing the eigenvalues
of equation (1). Parameter « in the range -90° < a < +90° con-
trols the mixing of fourth-order and sixth-order crystal fields.
A modest presence of the lower-symmetry sixth-order field for
centers of 7 or 7), symmetry is represented by parameter
B=+10°.
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4. Conclusion

Using a numerical scheme of computations, the energy
levels of rare-earth centers of cubic symmetry in crystal-
line hosts are calculated. It is demonstrated that the en-
ergy level diagram for centers of the point group
symmetries 7 and 7T}, can differ substantially from that
for the point groups O, Oy, and T
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